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Abstract
The notion of a projective system, deﬁned as a set X of n-points in a projective space over a
ﬁnite ﬁeld, was introduced by Tsfasman and Vlaˇdut. By this notion, the weight distribution of
a nondegenerate linear code can be computed by the conﬁguration of X and hyperplanes in
the dual projective space of C: In this paper, we construct a projective system X deﬁned as a
set of n-linear subspaces on the dual projective space of a poset code. This gives a natural one-
to-one correspondence between the set of equivalence classes of nondegenerate poset
projective systems and the set of nondegenerate poset codes. By this correspondence, the
weight distribution of a nondegenerate poset code can be also computed by the conﬁguration
of X and hyperplanes in the dual projective space of C: Finally, we provide an algorithm for
ﬁnding perfect poset codes.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let Fq be a ﬁnite ﬁeld and F
n
q the vector space of n-tuples over Fq: Let P ¼
f1; 2;y; ng be a partially ordered set (the coordinate positions of vectors in Fnq are in
one-to-one correspondence with the elements of P), abbreviated poset, whose partial
order relation is denoted by p:
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An ideal I of a poset is a subset of its elements with the property that xAI and
ypx imply that yAI : If ADP then /AS denotes the smallest ideal of P which
contains A: Let x ¼ ðx1;y; xnÞ be a vector in Fnq: Deﬁne the P-weight of x to be the
cardinality wPðxÞ ¼ j/suppðxÞSj of the smallest ideal of P containing the support of
x where suppðxÞ ¼ fi jxia0g: If x and y are two vectors in Fnq then their P-distance is
dPðx; yÞ ¼ wPðx  yÞ: If P is a poset of n-elements then P-distance dPð	; 	Þ gives a
metric on Fnq [1]. The metric dPð	; 	Þ on Fnq is called a poset-metric. If Fnq is endowed
with a poset metric, then a linear subspace C of Fnq of dimension k is called an ½n; k
poset code (or P-code). If dP is the minimum P-weight of nonzero codewords then
C is called an ½n; k; dP poset code.
In the case of usual linear codes without partial order relation, the notion of a
projective system, deﬁned as a set X of n-points in a projective space over a ﬁnite
ﬁeld, was introduced by Tsfasman and Vlaˇdut [3]. By this notion, the weight
distribution of a nondegenerate linear code can be computed by the conﬁguration of
X and hyperplanes in the dual projective space of C: Also in [2,4], they generalize the
geometric approach to higher weights. Due to their theorem, there is a natural one-
to-one correspondence between the set of equivalence classes of nondegenerate
projective systems and the set of equivalence classes of nondegenerate linear codes.
Then the higher weights can be computed by the conﬁguration of n-points of X and
hyperplanes in the dual projective space of C:
In this paper, we construct a projective system X of n-linear subspaces on poset
codes. This gives a natural one-to-one correspondence between the set of equivalence
classes of nondegenerate projective systems of posets and the set of nondegenerate
poset codes. By this correspondence, the weight distribution of a nondegenerate
poset code can be also computed by the conﬁguration of X and hyperplanes in the
dual projective space of C: Finally, we provide an algorithm for ﬁnding perfect poset
codes.
The paper is arranged as follows:
In Section 2, we construct a projective system X of n-linear subspaces on poset
codes and discuss its correspondence with a poset code. Our construction generalizes
the notion of projective systems without a partial order relation introduced by
Tsfasman and Vlaˇdut. In Section 3, we provide an algorithm for ﬁnding perfect poset
codes.
2. Projective systems and weight enumerators on poset codes
Let x be a vector in Fnq and r a nonnegative integer. The P-sphere with center x and
radius r is the set BPðx; rÞ ¼ fyAFnq j dPðx; yÞprg of all vectors in Fnq: The number of
vectors in Fnq whose distance to x is exactly i equals
1 if i ¼ 0;Pi
j¼1ðq  1Þ jqijOjðiÞ if i40;
(
ARTICLE IN PRESS
Y. Lee / Finite Fields and Their Applications 10 (2004) 105–112106
where OjðiÞ denotes the number of ideals of P with cardinality i having exactly
j maximal elements. Therefore the number of vectors in a sphere of radius r equals
1þ
Xr
i¼1
Xi
j¼1
ðq  1Þ jqijOjðiÞ:
Given an ideal I ; we call I a prime ideal if there is one maximal element in I :
Lemma 2.1. Given a poset P with n-elements then
Pn
i¼1jO1ðiÞj ¼ n; i.e. there are
exactly n prime ideals.
Proof. Let I1; I2 be prime ideals with the same maximal element x: Choose any
yAI1; ypx implies that yAI2: Therefore I1DI2: By the same way, I2DI1: &
Given a poset P with n-elements, one can construct a P-graph consisting of
n-points and lines induced by p: Each connected component N in a P-graph
corresponds naturally to a poset code. This poset code is the vector space generated
by the points in N and the partial order is given by lines in N: The weight
enumerator WC;PðxÞ of a linear poset code C in Fnq is deﬁned by
Pn
i¼0AP;ix
i where
AP;i is the number of codewords of weight i given by the poset P: We denote
WC;PðxÞ ¼ WPðxÞ if C ¼ Fnq: Then the weight enumerator for a poset P is determined
by the weight enumerators of posets induced by connected components in the
corresponding P-graph. The following proposition is obvious.
Proposition 2.1. Consider the P-graph corresponding to a poset P. Let N1;y; Ns be
connected components in the P-graph, and let P1ðxÞ;y; PsðxÞ be the weight
enumerators of the corresponding posets given by connected components in the P-
graph. Then the weight enumerator for the P-graph is WPðxÞ ¼
Qs
i¼1 PiðxÞ:
Corollary 2.1. Let P-graph be the following:
xn1 xn1þn2 ? xn1þ?þns1þns
j j j
^ ^ ^
j j j
x2 xn1þ2 ? xn1þ?þns1þ2
j j j
x1 xn1þ1 ? xn1þ?þns1þ1
Then WPðxÞ ¼
Qs
i¼1½1þ ðq  1Þx þ ðq  1Þqx2 þ?þ ðq  1Þqni1xni :
Given a P-poset with n-elements, one can construct a P-space in the dual projective
space ðPn1Þ consisting of n-linear subspaces induced by prime ideals and the relation
C of linear subspaces: Let I be a prime ideal and suppose that I ¼ fi1;y; img where
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ijAP ¼ f1;y; ng: Consider the common zero set of xij ¼ 0 for all j ¼ 1;y; m: This
gives a linear subspace in Pn1; and there is a corresponding linear subspace in the
dual projective space ðPn1Þ: In the case I ¼ f1;y; ng ¼ P the corresponding linear
subspace is ðPn1Þ: Given a P-graph, one can construct the dual P-graph (denoted by
P-graph) by giving the reverse order relation. Also it gives P-space in Pn1 by the
same construction as above. Note that P-space is not the dual space of P-space in the
usual notion of projective geometry. In P-space (or P-space), Pik denotes the i-
dimensional subspace with maximal element k: By the condition of ideals in the poset,
we give the extra condition on P-space (or P-space): Pik contains exactly i elements of
P-space (or P-space). By Lemma 2.1, there are exactly n prime ideals. We denote the
set of n-elements in P-space by XP:
In Example 2.1, f1g; f2g; f2; 3g; f1; 2; 3; 4g are prime ideals. Let I ¼ f2; 3g:
x2 ¼ x3 ¼ 0 gives a one-dimensional linear space in P3; and it gives a one-
dimensional linear space in ðP3Þ: We denote it by P13:
Example 2.1. Consider the following P-space and P-space:
By the construction of P-space, there is natural one-to-one correspondence
between the posets and P-spaces (or P-spaces) and we obtain the following: Each
hyperplane H in Pn1 corresponds to a non–zero point ðb1;y; bnÞ in Fnq and PikAXP
corresponds to bk ¼ 0 where XP is the set of n-elements in P-space.
Proposition 2.2. Let P be a poset with n-elements and let WPðxÞ be the weight
enumerator for P. Let WPðxÞ ¼ 1þ a1x þ?þ anxn: Then
ai
q  1 ¼ jfHDP
n1 j jH-XPj ¼ n  igj;
where H is a hyperplane in Pn1 and XP is the set of n-elements in P-space.
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Example 2.2. Consider the following poset over F2:
wP means the weight, i.e. the weight enumerator WPðxÞ ¼ 1þ 2x þ 3x2 þ 2x3 þ 8x4:
And # means that the number of hyperplanes with jH-XPj ¼ i:
The P-code C is called degenerate if C is contained in a coordinate
hyperplane. Otherwise it is called nondegenerate. Note that the nondegenerate
property is independent of the partial order relation. Given a nondegenerate
½n; k P-code C; n-number of prime ideals produce a P-projective system
ðXP; XC ; YCÞ (or ðXP; XCÞ) where XP is the set of n-elements in P-space, XC
is the projective system (n-points in Pk1 ¼ C; possibly with multiplicities)
constructed without partial order relation, and YC is the set of n-linear
subspaces (possibly with multiplicities) in Pk1 ¼ C: Construction of YC is in the
same way as XP: Note that a point in YC can be P
k1: Also note that XP and
XC determine YC : Then Proposition 2.2 can be generalized by the same way
in [3].
Theorem 2.1. Let C be a nondegenerate ½n; k P-code and let WPðxÞ be the weight
enumerator for C. Let WPðxÞ ¼ 1þ a1x þ?þ anxn: Then
ai
q  1 ¼ jfHDP
k1 j jH-YC j ¼ n  igj;
where H is a hyperplane in Pk1 and YC P-projective system of C.
Then by the same argument in [4], we have the following:
Theorem 2.2. There is a natural one-to-one correspondence between the set of
equivalence classes of nondegenerate P-projective systems ðXP; XCÞ and the set of
nondegenerate P-codes. By this correspondence, the weight distribution of a
nondegenerate P-code can be computed by the configuration of YC and hyperplanes
in the dual projective space of C.
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Example 2.3. Consider the following poset over F2 and P-code C ¼
fð0; 0; 0; 0Þ; ð1; 1; 0; 0Þ; ð0; 0; 1; 1Þ; ð1; 1; 1; 1Þg:
wP means the weight, i.e. the weight enumerator WC;PðxÞ ¼ 1þ 2x2 þ 2x4: And #
means that the number of hyperplanes with jH-YC j ¼ i:
3. Perfect poset codes
A ½n; k P-code C is called a perfect P-code if there is a positive integer r such that
the P-spheres of radius r with centers at the codewords of C are pairwise disjoint and
their union is Fnq: Consider the P
0-poset constructed by connecting a new variable
xnþ1 to some elements of the set fx1;y; xng in P-graph. Then perfect P0-codes can be
obtained by perfect P-codes under the mild assumption by next theorem. Theorem
3.1 provides the algorithm for ﬁnding perfect poset codes.
Theorem 3.1. (1) Assume that C is a perfect ½n; k P-code with radius r. Consider the
P0-poset constructed by connecting a new variable xnþ1 to some elements of the set
fx1;y; xng in P-graph, and let ½n þ 1; k þ 1 P0-code C0 ¼ ðC; Þ for AFq:
Furthermore, we assume that wP0 ðxiÞ (the weight of xi given by poset P0) is the same
as wPðxiÞ (the weight of xi given by poset P) for all i ¼ 1;y; n: Then C0 is a perfect
P0-code with radius r if wP0 ðxnþ1ÞXr þ 1:
(2) Assume that C is a perfect ½n; k P-code with radius r and that the variable xn is
connected with some elements of the set fx1;y; xng in P-graph. Consider the P00-poset
constructed by removing the variable xn of P-graph, and let ½n  1; k  1 P00-code
C00 ¼ fðt1;y; tn1Þ j ðt1;y; tn1; 0ÞACg: Furthermore we assume that wP00 ðxiÞ ¼
wPðxiÞ for all i ¼ 1;y; n  1: Then C00 is a perfect P00-code with radius r or C ¼
fða1t;y; an1t; tÞ j tAFqg for some fixed aiAFq: In particular if there is no perfect P00-
code, then C ¼ fða1t;y; an1t; tÞ j tAFqg for some fixed aiAFq:
Proof. (1) Let aAFnq and tAFq: Assume that ða; tÞABP0 ððc; 0Þ; rÞ-BP0 ððc; Þ; rÞ: By
the assumption wP0 ðxnþ1ÞXr þ 1; this is not possible. Since C is a perfect P-code with
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radius r and wP0 ðxiÞ ¼ wPðxiÞ for all i ¼ 1;y; n; it holds that BP0 ððc; 0Þ; rÞ-
BP0 ððc0; 0Þ; rÞ ¼ | if cac0: Therefore we have[
ðc;ÞAC0
BP0 ððc; Þ; rÞ ¼
[
tAFq
[
cAC
BP0 ððc; tÞ; rÞ ¼ Fnþ1q :
It implies that C0 is a perfect P0-code with radius r:
(2) Since C is a perfect P-code with radius r; elements of the set P00-spheres of
radius r are pairwise disjoint and their union is Fn1q : If C
00 ¼ 0 then C ¼
fða1t;y; an1t; tÞ jtAFqg for some ﬁxed aiAFq: &
Corollary 3.1. Assume that P-graph is the following:
xn1 xn1þn2 xn1þn2þn3 ¼ xn
j j j
^ ^ ^
j j j
x2 xn1þ2 xn1þ?þns1þ2
j j j
x1 xn1þ1 xn1þn2þ1
Then the code C ¼ fðt; t; t; t4;y; tnÞ j t; tiAFqg is a perfect ½n; n  2 P-code with
radius 1.
Proof. Since fðt; t; tÞ jtAFqg is a perfect ½3; 1 code in F3q with radius 1, the proof
is obtained by Theorem 3.1. &
Example 3.1. Assume that P-graph is the following:
Among P-codes, C ¼ fðt; t; tÞ j tAFqg is a perfect ½3; 1 P-code with radius 2.
Assume that P1-graph, P2-graph, and P3-graph are the following:
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Then (1) C1 ¼ fðt; t; t; t4Þ j t; t4AFqg is a perfect ½4; 2 P1-code with radius 2 (note
that wP1ðx4Þ ¼ 4).
(2) There is no perfect P2-code (note that wP2ðx4Þ ¼ 2).
(3) C3 ¼ fðt; t; t; t4Þ j t; t4AFqg is a perfect ½4; 2 P3-code with radius 2 (note that
wP3ðx4Þ ¼ 3Þ:
The following corollary was given in [1], but we provide a new proof by using
Theorem 3.1.
Corollary 3.2. Let P be the poset with n-elements, 1o2o?on: Then C is a perfect
½n; k P-code if and only if C is the type of fð0;y; 0; tnkþ1;y; tnÞ j tiAFqg:
Proof. Let C ¼ fð0;y; 0; tnkþ1;y; tnÞ j tiAFqg: Since each vector ðt1;y; tnÞ in Fnq
is contained the P-sphere of radius n  k with the center at ð0;y; 0; tnkþ1;y; tnÞ
and elements of this set P-spheres are pairwise disjoint, C is a perfect P-code.
We will prove it by induction on n: It is obvious if n ¼ 1: We assume that it is true
for n: By Theorem 3.1, if C is a perfect P-code then C has the form of C ¼
fð0;y; 0; tnkþ1;y; tnþ1Þ j tiAFqg or C ¼ fða1t;y; ant; tÞ j tAFqg for ﬁxed aiAFq:
Then by direct computation of the second case, we obtain the proof. &
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